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In this paper we give necessary and sufficient conditions for the existence of an 
exact covering of all of the paths of length two of the complete graph by cycles of 
length four. 0 1987 Academic Press, Inc. 
1. INTRODUCTION 
The problem of finding a set of (n - l)(n - 2)/2 Hamilton cycles in K, so 
that every path of length two (2-path) occurs on exactly one Hamilton 
cycle was first looked at by Judson in 1899 [9]. At this time he posed the 
problem in the following way: 
Seven persons met at a summer resort, and agreed to remain as 
many days as there are ways of sitting at a round table, so that no 
one shall sit twice between the same two companions. They 
remained fifteen days. It is required to show in what way they may 
have been seated. 
Over the next few years this problem received attention from various 
mathematicians (see [lo]), and was solved for six, seven, and eight people. 
In 1905, Dickson [2] generalized the problem to seating n people at a 
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round table on (n - l)(n - 2)/2 consecutive days. In his paper he gave 
necessary and sufficient conditions for the existence of a particular solution 
constructed from a group of order (n- l)(n-2). Using his method, 
Dickson gave solutions for n = 4, 5, 6, 8, 10, and 12. 
In 1917, Dudeney [ 31 asked the same question as Dickson and gave 
solutions for 3 <n < 12. Huang and Rosa [8] gave a construction for 
n =p + 1, p prime, and in the same paper they mention that they had also 
found cyclic solutions for orders 13 and 15. More recently, David Wagner 
(personal communication) observed that it there exists a perfect 
l-factorization of K,, then such an arrangement of n people is possible. 
In particular this provides us with solutions to Dickson’s problem when 
12=2-p, p prime. 
The above results can also be found in [lo], where it is also shown that 
Dickson’s arrangement can be realized for n = 17. Thus the first unsolved 
case is n = 19. 
More generally, one can ask for a family of k-cycles (cycles of length k) 
in K, so that every 2-path lies on exactly L cycles. Such a family of cycles 
will be called an exact cooering of the 2-paths of K, by k-cycles. 
1.1. DEFINITION. A C(n, k, 2) design is a family of k-cycles in K,, in 
which each 2-path of K, occurs exactly 1 times. 
The case k = 3 is, of course, trivial and in this paper we will construct a 
C(n, 4, A) design for all admissible n and 1. 
The case k = 4 is particularly interesting because of its close connection 
with Steiner quadruple systems. A Steiner quadruple system SQS(n) is a 
family of 4-subsets (blocks) chosen from an n-set so that every 3-subset 
occurs in exactly one of the blocks. In terms of the graph K,, this is an 
exact covering of the triangles of K,, by K4 subgraphs so that every triangle 
is in exactly one of the quadruples. It is well known (Hanani [4]) that a 
3-(n, 4, 1) design (an SQS(n)) exists if and only if n = 2,4 (mod 6). Since a 
C(4,4, 1) design is easily constructed one sees immediately that Hanani’s 
result implies the existence of a C(n, 4, 1) design whenever n = 2,4 (mod 6). 
For quadruple designs with 12 1 (denoted 3-(n, 4,n)) we have the 
following result of Hanani [S]. 
1.2. THEOREM. Necessary and sufficient conditions for the existence of a 
3-(n, 4, A) design are 
1. An = 0 (mod 2), 
2. A(n - l)(n - 2) = 0 (mod 3), and 
3. An(n - l)(n - 2) G 0 (mod 8). 
Again, this gives rise to C(n, 4, J,) designs. A more general statement is 
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possible, however, by making use of 3-(n, K, 2) designs. A 3-(n, K, 2) design 
is a family of blocks with elements chosen from an n-set with the property 
that every 3-subset occurs in exactly 1 of them and the size of each block is 
a member of the set K. 
1.3. LEMMA. If there exists a 3-(n, K, A) design, and if for every k E K 
there exists a covering S of the edges of Kk by 4-cycles so that every 2-path 
occurs on exactly p 4-cycles, then the edges of K,, can be covered by 4-cycles 
so that each 2-path occurs on exactly p ’ 1 4-cycles. 
Proof Replace each block Bi = {vi, ,..., vik} of the 3-(n, K, A) design 
by the covering S of Kk based on the set Bi. Call this covering Si. Thus 
every 2-path having vertices from the elements of the block Bi will occur on 
exactly p 4-cycles. Since every 3-element subset of the n-element set occurs 
in exactly 3, blocks we see that every 2-path will occur p * I times in the 
union of the Si. 1 
Lemma 1.3 and Theorem 1.2, along with several direct constructions, 
will enable us to prove 
1.4. THEOREM. There exists a C(n, 4, A) design if and only if one of the 
following hold: 
1. niseven 
2. n=l (mod4)andA=O(mod2) 
3. n E 3 (mod 4) and A = 0 (mod 4). 
To see that these conditions are necessary one simply observes that there 
are n(n - l)(n - 2)/2 paths of length two in K,,, each 2-path occurs 1 times 
and each 4-cycle contains four 2-paths. Thus In(n - l)(n - 2) = 0 (mod 8) 
is required. Now, considering all 2-paths with end vertices 1 and 2 we see 
that we must also have A(n - 2) G 0 (mod 2). 
The paper is now divided into three sections, each dealing with one of 
the conditions of Theorem 1.4. Before continuing, however, we need to 
establish some notation. We denote by (u, v) the edge incident with vertices 
u and v and by (u, v, w, x) the cycle of length four containing the four edges 
(u, v), (v, w), (w, x), and (x, u). By [x, y, z] we mean the path of length 
two containing the two edges (x, y) and (y, z). 
2. EXACT COVERINGS WITH I = 1 
We now show that when n is even, n = 2m, the complete graph on n ver- 
tices can be covered by 4-cycles so that every 2-path occurs exactly once on 
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some 4-cycle. In Theorem 2.1 such a covering set is produced. These 
coverings can also be constructed recursively from 3-designs. 
2.1. THEOREM. The edges of K,, can be covered by 4-cycles so that each 
2-path occurs exactly once on some 4-cycle. 
Proof. In this proof addition is modulo 2m - 1 on the residue class 
1, 2 ,..., 2m - 1. 
Label the vertices of K,, with the symbols oc), 1, 2,..., 2m - 1 and con- 
sider the line graph of K,,, L(K,,). The vertices of L(K,,) are labelled by 
the edges that they represent, and so the vertex (a, b) is the same as the 
vertex (b, a). In this graph the edge ((a, b), (b, c)) corresponds to the 
2-path [a, b,c] in K,, and if a, b, c, and d are distinct then the 4-cycle 
((a, b), (b, cl, (c, 4, (4 a)) in WL) corresponds to the 4-cycle (a, 6, c, d) 
in Kzm. 
Thus we wish to cover the edges of L(K,,) by 4-cycles so that 
1. each edge of L(K,,) is in exactly one 4-cycle and 
2. these 4-cycles correspond to 4-cycles in K,,. 
Arrange the vertices of L(K,,) into a (2m - 1) x m array A = (a,), where 
the entry in cell ai,, is (co, i) and in cell aiJ is (i, i +j - 1 ), 1 < i < 2m - 1 
and 2 <j < m. Now one easily sees tht the following 4-cycles of L(K,,) 
satisfy condition 2: 
C,,i(0) := ((co, l), (1, i), (i, 2i- l), (2i- 1, co)), 2<i<m 
and 
C,(O) := ((i, l), (l,j), (j, i+j- l), (i+j- 1, i)), 2<i<j<m. 
Notice that the cycle C, contains only vertices from columns i and j. 
For 0~ k< 2m - 2, develop these m(m- 1)/2 cycles as follows (see 
Figs. 1 and 2): 
C,,i(k):=((oo,l+k),(l+k,i+k),(i+k,2i+k-1),(2i+k-l,co)) 
and 
C,,(k):=((i+k,l+k),(l+k,j+k),(j+k,i+j+k-l), 
(i+j+k-l,i+k)). 
(m,l+k) 
P 
(l+k,i+k) 
(m,i+k)e (i+k,2i+k-1) 
(=,2i+k-1) 0 (2i+k-1, Sir(r-2) 
column 1 column i 
FIGURE 1 
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( l+k, itk) 
(i+k,2i+k-1). 
( j+k, itjtk- 1 F 
(l+k, j+kj 
(iN,i+j+k-1) 
l (ick,2j+k-1) 
column i column j  
FIGURE 2 
The reader can easily verify that these cycles yield the desired 
covering. 1 
Hanani [S] has shown that for every even n, n 2 4, there exists a 
3-(n, {4,6}, 1) design. Applying Lemma 1.3 and the easily established 
existence of C(4,4, 1) and C(6,4, 1) designs to this result will also yield the 
desired coverings. 
3. EXACT COVERINGS WITH 1= 2 
When n = 1 (mod 4) it is not possible to cover the edges of K, with 
4-cycles so that each 2-path occurs exactly once. However, it is possible to 
cover the edges of K4,,,+ 1 with 4-cycles so that each 2-path occurs exactly 1 
times, where 1~ 0 (mod 2). Since a covering of the edges of K4,,,+ 1 by 
4-cycles so that each 2-path occurs exactly 1 times can be obtained by tak- 
ing ;2/2 copies of a C(4m + 1,4, 2) design, we only consider the case 2 = 2. 
3.1. THEOREM. When n = 1,5 (mod 12), n >/ 5, the edges of K, can be 
covered by 4-cycles so that every 2-path occurs exactly twice. 
Proof This follows from Theorem 1.2 and Lemma 1.3. 1 
3.2. LEMMA. The edges of Kg can be covered by 4-cycles so that each 
2-path occurs on exactly two 4-cycles. 
ProoJ: Take two copies of the C(8,4, 1) design that is obtained by 
replacing each K4 in Fig. 3 by the C(4,4, 1) design on those points. 
Remove the following fourteen 4-cycles (in bold in the figure): 
tL2,3,4), (1,2, 5, 8), (1,692, 7), (1, 3, 7, 5), (1, 3, 6, 8), tL4, 8, 7), 
(2, 3, 5, 6), (2, 7, 3, 8) ,(2,4, 7, 5), (2,496, 8), (3, 594, 8), (3,4,7,6), 
(5, 6, 7, 8), (1, 5, 496). 
Each unordered pair of vertices of K, occurs once as a diagonal and twice 
as an edge in the above fourteen 4-cycles. Now replace each of these 
EXACTCOVERINGSOF2-PATHS 55 
FIGURE 3 
4-cycles (a, b, c, d) with the four 4-cycles (9, 6, c, d), (a, 9, c, d), (a, b, 9, d), 
and (a, b, c, 9). 
Thus all 2-paths [x, 9, y] and [9, x, y] occur twice and all 2-paths not 
containing vertex 9 still occur twice. 1 
We now present three theorems which can be used recursively to con- 
struct C(4n + 1, 4, 2) designs for all remaining values of n. First, we present 
a definition and construction which will be used in the proofs of these 
theorems. 
3.3. DEFINITION. An orthogonal array OA(n, k) of strength t 
(1 < t 6 k < n) and index 1 is a k by n’ array of elements from an n-set such 
that for any fixed set of t rows in the array, each ordered t-tuple from the 
n-set occurs exactly once as a column. 
3.4. CONSTRUCTION. It is known ([ 11, 12, 131) that whenever n > 4 and 
n # 6, 10 there exist three mutually orthogonal Latin squares of order n. If 
A, B, and C are three mutually orthogonal Latin squares of order n based 
on the set (l,..., n], then the set of n3 column vectors 
((4-A A(x,y), B(x,y))=: 1 <i,j<n and C(x,y)= C(i,j)} 
is an OA(n, 4) of strength 3. This orthogonal array contains an OA(n, 4) of 
strength 2 as can be seen by taking only those n2 column vectors 
(i, j, A(i, j), B( i, j))=. Call these n* columns Type I and call the remaining 
n3 - n2 columns Type II. 
3.5. THEOREM. If m 24, m # 6 or 10, ,I is even, and there exists a 
C(m + 1,4, A) design, then there exists a C(4m + 1,4, A) design. 
Proof. Let Sj := { Si( 1 ),..., S,(m)}, 1 < i < 4, be four disjoint sets of size 
m and let cc be an element which does not belong to any of these sets. 
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Now let S, u S, u S, u S, u {cc } be the vertex set of Z& + , . We want to 
partition the edges of this graph into 4-cycles so that every 2-path occurs 
exatly R times. We do this in three steps (see Fig. 4): 
Step 1. Take four copies of a C(m + 1,4, L) design in which the vertex 
set is, in turn, S,u{co}, S,u(co}, S,u{co} and S,u{co}. Every 
2-path containing only vertices from Si appears exactly A times as does 
every 2-path that contains co and two vertices from S;, 1 d i 6 4. 
Step 2. We now form 4-cycles so that every 2-path containing two ver- 
tices from Si and one vertex from Sj appears ;1 times for all pairs i,j with 
i#j. 
If m is even we take a l-factorization F, , F,,..., F,,- , of Km with vertex 
set Si and a l-factorization G,, Gz,..., G,,-, of K,,, with vertex set Sj. For 
each edge (u, u) of Fk and each edge (x, y) of G, construct a I& based on 
step 1 
stell 2 
step 3 
(0 
.  
FIGURE 4 
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the vertex set {u, u, x, JJ}. This gives a total of (m - l)(m*/4) &‘s. Note that 
every pair of vertices from Si appears with every vertex from Sj exactly 
once so that all possible triples with two vertices from Si and one vertex 
from Sj appears exactly once in some K4. Replace each of these K4)s with a 
C(4,4, A) design. 
If m is odd we take a Hamilton decomposition F1 , F2,..., F,, _ 1I,2 of K, 
with vertex set Si and a Hamilton decomposition G1, G2,..., G,, _ 1),2 of K,,, 
with vertex set Sj. For each edge (u, V) of Fk and each edge (x, y) of Gk 
construct a K4 based on the vertex set (u, u, x, y>. This will give a total of 
(m - l)(m*/2) K4)s. Note that every pair of vertices from Si appears with 
every vertex from Sj exactly twice since in Fk and Gk each vertex has degree 
two. Thus all possible triples with two vertices from Si and one vertex from 
Sj appears in exactly two different Kq’s, and for each of these we take a 
C(4,4, A/2). 
Step 3. Take an OA(n, 4) of strength 3 as given in Construction 3.4. 
We now define the 4-cycles which cover all the 2-paths remaining; that 
is, all the 2-paths which contain at most one point from each of the sets 
s,, S2, s,, &, and (00). 
For each Type I column (i,j, a, b)T in the OA(n, 4), the set {S,(i), S,(j), 
&(a), xl(b), m > is viewed as the vertex set of a K,. Since the Type I 
columns give an OA(n, 4) of strength 2 this means that cc appears with 
each x, y pair, where x E S, and y E S,, 1 < u < u < 4. Now take a C(5,4, A) 
design on each of these vertex sets. Such a design exists since 1 is even. 
For each Type II column (i, j, a, b)T in the OA(n, 4) we take a C(4,4, A) 
design with vertex set {S,(i), S,(j), S,(a), S,(b)}. Since the Type I and 
Type II columns together give an OA(n, 4) of strength 3 we see that among 
these coverings and the coverings of size 5 defined in the previous 
paragraph we get all 2-paths [si, sI, sk], where S,E Si, sj~ Sj, and sk E Sk 
and i, j, and k are distinct. 
Combining the 4-cycles from each of the three steps gives a set of 
4-cycles which cover all the 2-paths of K4,,+ 1 exactly 2 times each. 1 
3.6. THEOREM. If 
1. kr2,4 (mod6) andka8, 
2. A is even, 
3. there exist k - 2 mutually orthogonal Latin squares of order m, and 
4. there exist both a C(m + 1,4, A) design and a C(k + 1,4, A) design, 
then there exists a C(km + 1,4, A) design. 
Proof. Let Si := { Si( 1 ),..., S,(m)}, 1 < i < k, be k mutually disjoint sets 
of size m and let cc be a new element not in the union of the S;s. We 
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want to construct a C(km + 1,4,1) design on the vertex set 
s, v s* LJ ‘. . u S, u {co }. The first two steps are to be carried out as in 
Theorem 3.5, but with 1 < i < k. 
Step 3. Let L,, L, ,..., L, be k - 2 mutually orthogonal Latin squares of 
order n and define an OA(n, k) of strength 2 with columns 
(i,j, L3(i,j) ,..., L,(i,j))‘, 1 Gi, j<n. 
For each column (i j, a3,..., ak)T in the orthogonal array let 
(S,(i), S,(j), S,(a,),..., Sk(+), co} be the vertex set of a Kk+l and take a 
C(k+ 1,4,1) design based on this set. This then takes care of all 2-paths 
containing the vertex co. 
Take a 3-(k, 4, 1) design based on the set { 1, 2,..., k}. For each block 
{w, x, y, z} in the design consider the rows w, x, y, and z of the orthogonal 
array. These constitute an OA(n, 4) of strength 2. 
This OA(n, 4) can easily be extended to an OA(n, 5) of strength 2 by 
adding one more (different) row of the OA(n, k) to the OA(n, 4). Thus we 
have, corresponding to the third, fourth, and fifth rows of the OA(n, 5), 
three mutually orthogonal Latin squares of order n. Call these A, B, and C, 
respectively. Now, via Construction 3.4, we see that the OA(n, 4) of 
strength 2 can be embedded in an OA(n, 4) of strength 3. The n3 -n* 
columns added to the OA(n, 4) in the embedding are called (as before) 
Type II columns. 
For each Type II column (a, 6, c, d)T take a C(4,4,1) design based on 
the set {S,(a), S,(b), S,,(c), SAd)}. 
The union of these 4-cycles gives the required set of 4-cycles which cover 
each 2-path exactly A times. 1 
3.7. THEOREM. If 
1. m#6,10, 
2. ml is even, 
3. there exist both a C(m, 4, A) design and a C(k, 4, A) design, 
then there exists a C(mk, 4, A) design. 
Proof Let Si := { Si( l),..., S,(m)}, 1 < i < k, be k mutually disjoint sets 
of size m and let S, v S2 v .*. v Sk be the vertex set of Kmk. We want to 
construct a C(mk, 4, A) design on this vertex set. As before, we do this in 
three steps. 
Step 1. For 1 d i < k take a C(m, 4, A) design in which the vertex set 
is Si. 
Step 2. This is the same as Step 2 of Theorem 3.5. If m is even we take 
a C(4,4, A) design and if m is odd we take a C(4,4,11/2) design. 
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Step 3. Let A, B, and C be three mutually orthogonal Latin squares of 
order m based on {l,..., m} and define an OA(m, 4) of strength 3 as in 
Construction 3.4. 
Replace each 4-cycle (w, x, y, z) in the C(t, 4, A) design by the m3 
4-cycles (S,(a), S,(b), S,(c), S,(d)), where (a, b, c, d)T is a column in the 
OA(m, 4). 
Combining these three steps gives the required result. 1 
3.8. COROLLARY. The edges of K,,, n E 1 (mod 4), can always be covered 
by 4-cycles to that each 2-path occurs exactly twice. 
Proof. When n - 1, 5 (mod 12) we use Theorem 3.1. This leaves the 
case n = 9 (mod 12). 
For n = 9 use Lemma 3.2. Theorem 3.5 yields n=21 and n= 33. If 
n = 48q + 9 and n # 441, use Theorem 3.6 with k = 8, m = 6q + 1, and 3, = 2. 
From [ 1, 143 we see that there exist six mutually orthogonal Latin squares 
of order 6q + 1, provided 6q + 1 # 55. The conditions of Theorem 3.6 are 
thus satisfied for all values of n other than n = 441. In this case we use 
Theorem 3.7 with m = 9, k = 49, and J = 2. 
If n=48q+21, 48q+ 33, and 48q+45 use Theorem 3.5 with 
m = 12q + 5, 12q + 8, and 12q + 11, respectively, and 1= 2. We know that 
there exists a C(12q + 6,4,2) design and a C(l2q + 12,4,2) design from 
Theorem 2.1, and there exists a C( 12q + 9,4, 2) design since we can assume 
there exists a C( 12j+ 9,4, 2) design for all j < 4q. This completes the 
proof. 1 
4. EXACT COVERINGS WITH II= 4 
When n zz 3 (mod 4) it is not possible to cover the edges of K,, with 
4-cycles so that each 2-path occurs exactly J times when 13 1,2,3 
(mod 4). In this section we show that it is possible to cover the edges of 
K 4m+3 with 4-cycles so that each 2-path occurs exactly 1 times, where Iz z 0 
(mod 4). Since a C(4m + 3,4,2) design can be obtained by taking A/4 
copies of a C(4m + 3,4,4) design we only consider the case Iz = 4. 
4.1. THEOREM. When n = 7, 11 (mod 12) there exists a C(n, 4,4) design. 
Proof: This follows from Theorem 1.2 and Lemma 1.3. 1 
4.2. THEOREM. There exists a C( 15,4,4) design. 
Proof: Take four copies of the C(14,4, 1) design as given by 
Theorem 2.1. Remove the following ninety-one 4-cycles: 
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(l+i,q9+i,5+i), (l+i,oo,13+&7+i), (l+i,2+&4+&3+i), 
(1 +&2+i,7+&6+i), (l+i, 3+i,7+i, 5+i), (1 +i,4+i,9+&6+i), 
(l+i,4+i, lO+i,7+i), OQiQ12. 
Each unordered pair of vertices from the 14 vertices occurs twice as a 
diagonal and four times as an edge in these ninety one 4-cycles. Replace 
each 4-cycle (w, x, y, z) in the above set by the four 4-cycles (15, x, y, z), 
(w, l&y, z), (w,x, 15, z), and (w, x,y, 15). The 2-path [a, 15, b] occurs 
four times, since it occurs twice for each time the diagonal u-b occurs. The 
2-path [a, b, 151 occurs once for every time the edge (a, b) occurs and so 
this 2-path occurs four times. All 2-paths not containing 15 occur four 
times each as before. So when d = 4 we can find a C( 15,4,1) design. 1 
4.3. LEMMA. There exists a C(27, 4, 4) design. 
Proof There exists a 3-(27,6,4) design [7] and we use this, together 
with Lemma 1.3 and Theorem 2.1. 1 
4.4. THEOREM. Zf n 2 4 then the edges of K,, can be covered by 4-cycles 
so that every 2-path occurs on exactly four 4-cycles. 
ProoJ Let K= (4, 5, 6, 7, 9, 11, 13, 15, 19, 23, 27, 29, 31). Then for 
every k E K we have a C(k, 4,4) design. Hanani [6] has shown that for 
all n > 4 there exists a 3-(n, K, 1) design. The result now follows using 
Lemma 1.3. 1 
5. CONCLUSION 
The construction techniques of Section 3 can also be used to obtain new 
3-(n, K, 1) designs. For instance, using Theorem 3.7 we see that for every 
m > 2 there exists a 3-(8m + 1, (2m + 1, 5,4}, 1) design and a 3-(8m + 5, 
{ 2m + 2, 5, 4}, 2) design. 
To get the first design, we take one copy of -each of the four blocks of 
size 2m + 1 based on the sets Si u { co }, 1 < i < 4, as in Step 1 of the proof. 
Next, we take one copy of each block of size four given in the first half of 
Step 2. Finally, we take one copy each of all blocks of size five and four as 
defined in Step 3. It is easy to see that we get all triples from the set of size 
8m+l. 
To get the second design, we take two copies of each of the four blocks 
of size 2m + 2 based on the sets Sj u {co }, as in Step 1. Next we take one 
copy of each block of size four as given in the second half of Step 2. 
Finally, we take two copies of each block of size five and four defined in 
Step 3. 
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